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About These Notes
• These lecture notes contain the material presented on the board.

• They are designed to guide you through the lectures content.

• While I primarily follow Bartelmann’s script, these notes are complementary because:

1. Some arguments are restructured, and I have selectively chosen the topics.
2. Most computations are detailed step-by-step, leaving little to the imagination.
3. Mathematical terms modified in the computations are marked with arrows for clarity.
4. Instead of lengthy explanations, I use concise ”slogans” to emphasize key points.
5. The detailed discussion is provided during the lectures, where I am very ”talkative”.

• If you find any error, kindly let me know.

Figure 1: Some notation: take care in how I write variations and derivatives.
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Cosmoloy

WS 2025/26

apl. Prof. Dr. Matteo Maturi

Center for Astronomy & Institute for Theoretical Physics, Heidelberg University

Cosmology, WS2025/26 00 Introduction
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Me:
  Matteo Maturi, Madonna di Campiglio (Dolomites)
  Center for Astronomy & Institute for Theoretical Physics
  Cosmology, gravitational lensing, galaxy clusters
  Involved in Euclid, KiDS, DESC-LSST, J-PAS

Contact:
   your own tutor
   gozzini@thphys.uni-heidelberg.de (Francesco, head tutor)

   maturi@uni-heidelberg.de (Matteo, lecturer)

Lectures:
   From October 16th to January 30th

   Thursday 14:15-16:00 (INF308/HS 2)
   Friday 14:15-16:00 (INF308/HS 2

Website, Uebungen:
   
https://uebungen.physik.uni-heidelberg.de/vorlesung/20252/2105

   - Enroll!
- Literature
- Lecture notes
- Additional material (slides, pdf files,…)

` - Tutorials / Exercises
- All possible info

  

Nice to meet you!

Cosmology, WS2025/26 00 Introduction
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 - In presence, mostly black board
 - I will skip trivial steps…
   ...but, (all!) steps in lecture notes
 - I will start super slow, I will accelerate
 - Recap at beginning/end of each lectures
 - Few mega recaps along the way
 - Bonus: vdeos (posted with delay)

Lectures style

Material
- Lectures notes (what I present at the board)
- Scripts by Bartelmann, Amendola, Schaefer
- Books, e.g.
   Cosmological Physics (John A. Peacock)
   Modern Cosmology (S.Dodelson, F.Schmidt) 

Cosmology, WS2025/26 00 Introduction
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No uni-id?
   - Write to Francesco to enroll you by hand

Tutorials:
   - First tutorial next week!
   - The exercises will not be corrected and no mark will be given
   - It is possible to hand in exercises to get a feedback
   - Discuss, discuss, discuss!!

Exam:
  Written
   Same style of exercises
   

Admission to the exam:  (50% attendance + (3 points)

1) attend at least 70% of the tutorials (your presence will be registered).
    If attendance < 70%, it is required to hand in 3 full exercise sheets that will be graded.

AND
2) gain 5 points by:
  - 1 point: present at the black board at least 1/3 of a sheet.
  - 1 point: actively participating in the discussion during the tutorials

Bureaucracy

Cosmology, WS2025/26 00 Introduction
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Cosmological constant

General relativity

Accelerated expansion

What are we going to see?

ΛCDM model: 

    Λ – Cold Dark Matter

Cold = non relativistic

Dark = no emission/absorbtion

Matter = particles

(+ baryons & photons)

Cosmology, WS2025/26 00 Introduction
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17/10/25   Matteo Maturi   6

Why this cosmological model?

Data say so!
 
● Cosmic Microwave Bckground 
● Supernovae luminosity distances
● Gravitational lensing
● Galaxy clusters
● Galaxy clustering
● ….

Dark energy  + Dark matter?
    or

Is gravity wrong?

Cosmology, WS2025/26 00 Introduction
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Now days

Large scale structures

Galaxy clusters

The young universe

Very uniform and smooth

DT/T = 10-5

How do we approach it?
Homogeneity and isotropy

Cosmology, WS2025/26 00 Introduction
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The universe is like sandpaper: rough but homogeneous and isotropic

To describe sand paper we do not need to describe each single grain!

3 parameters are enough:
material (M), grains dimension (D), grains number density (N)

The same for the universe...

Let's build a model of the universe

Cosmology, WS2025/26 00 Introduction
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Cosmological parameters

Dynamics:
  - H0: Hubble parameter

Ingredients:
  - Ωr  : radiation density
  - Ωb : barionic density
  - Ωd : dark matter density
  - ΩΛ: dark energy density

“Raffness”:
  - σ8

And the roles of the game?

The ingredients of the cake

Cosmology, WS2025/26 00 Introduction
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How do the ingredients interact?

The rules mastering the universe

We need a long distance force acting on a neutral universe
Gravity!!

Theory Interaction Behavior Typical scale

QCD Strong 1/r7 1.4 × 10-15 m

Electroweak Weak 1/r5 to 1/r7 10−18 m

QED Electromagnetic 1/r2 ∞

GR Gravity 1/r2 ∞

Cosmology, WS2025/26 00 Introduction
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Newtonian cosmology

Consider a spherical portion of the Universe

With the previous equations we obtain:

Acc. = a
..

Cosmology, WS2025/26 00 Introduction

Matteo Maturi Back to Index 15



17/10/25   Matteo Maturi   12

Friedmann's equations                                     Newtonian

Relativistic cosmology

Einstein's field equation

Friedmann–Lemaître–
Robertson–Walker metric

Universe ingredients

Cosmology, WS2025/26 00 Introduction
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Numerical simulations

Analytical: 8+1 ~ 10

Space telescopes

Ground telescopes

Cosmic shear survey (KiDS)

The tools to
explore the universe

Cosmology, WS2025/26 00 Introduction
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1) Introduction
- Special Relativity
- General Relativity

2) Uniform universe
- FLRW metric
- Friedmann equations
- Scalar fields
- Dark energy
- Cosmological inflation

3) Thermal History
- Summary of equilibrium thermodynamics
- When reactions starts/end
- Neutrinos decoupling (CνB)
- Cosmological Nucleosynthesis
- Electrons decoupling (CMB)
- Cosmic reionization

Detailed content of the lectures

4) Structure formation
- Hydrodinamics (Continuity, Euler, Poisson)
- Linear theory
- Dark matter halos
- N-Body numerical simulations

5) Current Observations
- Galaxy clustering
- Cosmic Microwave Background (CMB)
- Gravitational lensing
- Galaxy clusters
- Other probes...

Cosmology, WS2025/26 00 Introduction
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Let’s discover our universe and its evolution!

Cosmology, WS2025/26 00 Introduction
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Special Relativity:  the core!

Cosmology, WS2025/26 01a Core concepts of special relativity
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Space-time diagrams

Cosmology, WS2025/26 01a Core concepts of special relativity
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Some abmiguity is left:  "signature" choice

The proper time

Cosmology, WS2025/26 01a Core concepts of special relativity
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Implication of the Lorentz transforms

Cosmology, WS2025/26 01a Core concepts of special relativity
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Geometric interpretation of the ct,x plane

Lorentz geometry

Cosmology, WS2025/26 01b Lorentz geometry essentials
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Note: careful with vectors...

The metric is "hidden" in many places!

Cosmology, WS2025/26 01b Lorentz geometry essentials
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Relation between frames S, S

Frame transformations

This implies a linear transfrmation of vectors between frames

We deal with transformations between inertial frames

Coefficients of the Lorentz transformation:

Cosmology, WS2025/26 01b Lorentz geometry essentials
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Lorentz invariant quantities

A familiar example: rotations in 3D

Likewise, for Lorentz transforms:  define a "rotation angle"

Cosmology, WS2025/26 01b Lorentz geometry essentials
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The Lorentz group

Cosmology, WS2025/26 01b Lorentz geometry essentials
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What is a Lie group?

What is a groups?

Cosmology, WS2025/26 01b Lorentz geometry essentials
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Relativistic mechanics

4-vector

World-line

4-velocity

4-acceleration

Behavejour of paticles in the space-time

4-momentum

Cosmology, WS2025/26 02 Relativistic mechanics
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4-force

Change in rest mass ?!

Cosmology, WS2025/26 02 Relativistic mechanics
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Variational approach

Free particle : no external forces

Action

Lagrangian

Hamiltonian :

Conjugate momentum :

Equation of motion (Euler-Lagrange eq.) :

Equation of motion (least action principle 4D):

Cosmology, WS2025/26 02 Relativistic mechanics
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Lorentz transform of 4-frequency :

Photons

Cosmology, WS2025/26 02 Relativistic mechanics
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Decay of particles

Inverse process

Appendix

Cosmology, WS2025/26 02 Relativistic mechanics
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Dispersion relation for massive particles

Cosmology, WS2025/26 02 Relativistic mechanics
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Energy-Momentum tensor

Cosmology, WS2025/26 03 Energy-momentum tensor essentials
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What is the meaning of  T     ?

What about G.R?!

Cosmology, WS2025/26 03 Energy-momentum tensor essentials

Matteo Maturi Back to Index 38



Energy momentum tensors of a perfect relativistic fluid

Energy-momentum tensor of electromagnetic fields

Cosmology, WS2025/26 03 Energy-momentum tensor essentials
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General Relativity in a nutshell

- it describes gravity as a manifestation of the curvature of spac-time

What is general relativity for?
- generalization of special relativity to non-inertial frames

- we need a covariant theory: Lorentz invariance, retardation, ...

Why do we need it?

- Newton's gravity fails: perihelion shift, gravitational lensing, Grav. waves, time dilation, Lens-Thirring effect, ...

 =>        is associated to the same inertial phenomenon

- Newton's gravity is "weird"...                                                 chsrge in an electric field 
     
           
                                                                                                           inertial mass = gravitational "charge"

The key idea: equivalence principle

- gravity  <--->  non-inertial frame (Einsteil elevator)
- in local inertial frame (free fall) same tensorial expressions of special relativity (SEP)

- real "grav. fields" can not be eliminated everyehere simultaneously by choosing a frame
- you can remove it only locally (the elevator)
- carful here: analogy, not reality. in a real "grav. field" you have tydal forces!

Link between an accelerated frame and the metric

In an accelerated system :

Inertial frame :

- Centrifugal force   [ equivalence principle ]  --->   locally as a gravitational field
- Mathematically: associate gravity to the metric of the space-time!
- Careful! The metric is still Minkowski, just with a 'wierd coordinate system'

Cosmology, WS2025/26 04 General relativity in a nutshell
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Careful!

Cosmology, WS2025/26 04 General relativity in a nutshell
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  Let's try to find the metric producing a Newtonian gravitational field

Reformulate Poisson equation in terms of g and T

- Careful... this is not yet GR! This is just to show you a link between potential and metric

Connecting the gravitational field to a property of the space-time

Cosmology, WS2025/26 04 General relativity in a nutshell
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Non-inertial frames and the geodesic equation

Generic coord. transformation between frames S, S'

Inertial frames: special relativity    (recall)

Non-inertial frames: general relativity

Cosmology, WS2025/26 04 General relativity in a nutshell
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Free particle, least action principle

    is the key!  Yes and no...

A full theory of gravity

Cosmology, WS2025/26 04 General relativity in a nutshell
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Differential geometry, the language of GR

relative acceleration ~ force

Cosmology, WS2025/26 04 General relativity in a nutshell
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What does the Riemann tensor describe?

Cosmology, WS2025/26 04 General relativity in a nutshell
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A theory of gravity build on that: GR

Cosmology, WS2025/26 04 General relativity in a nutshell
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Conceptual steps and summary

Cosmology, WS2025/26 04 General relativity in a nutshell
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A glimps in Energy-momentum "conservation" in GR

Einstein eq.s can be writte an:

Appendix

Cosmology, WS2025/26 04 General relativity in a nutshell
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Part II

The homogeneous
Universe
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Relativistic cosmological model

(1) The "matter" term

Cosmology, WS2025/26 05 Lambda-CDM cosmological model
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Cosmological constant as a (effective) fluid

Cosmology, WS2025/26 05 Lambda-CDM cosmological model
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Energy-densty evolution of the components

Multi-component cosmological fluid

Cosmology, WS2025/26 05 Lambda-CDM cosmological model
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(2)   The "geometry" term

Cosmology, WS2025/26 05 Lambda-CDM cosmological model
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Plug the metric to find the "geometry" terms:

Cosmology, WS2025/26 05 Lambda-CDM cosmological model
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Final field euquations: dynamic of the universe a(t)

Important quantities and condition for flat universe: 

Cosmology, WS2025/26 05 Lambda-CDM cosmological model
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Cosmological redshift

Cosmology, WS2025/26 05 Lambda-CDM cosmological model
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Appendix: explicit computations

Cosmology, WS2025/26 05 Lambda-CDM cosmological model
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Cosmological distances

Cosmology, WS2025/26 06 Distances and horizons
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Volumes

Cosmology, WS2025/26 06 Distances and horizons
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Luminosity distances

Angular diameter distance (gravitational lensing)

Jee, Komatsu, Suyu
(arXiv:1410.7770)

Volumes and populations (Galaxy Clusters)

Maturi et al. (2025)
Lesci et al. (2025)

Credit: NASA, ESA, A. Feild (STScI), and A. Riess (STScI/JHU)

Cosmic distance ladder

Cosmology, WS2025/26 06 Distances and horizons
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Cosmological horizons

Cosmology, WS2025/26 06 Distances and horizons
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Scalar fields in cosmology

Cosmology, WS2025/26 07 Scalar fields in cosmology

Prof. Dr. Matteo Maturi 1
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Cosmology, WS2025/26 07 Scalar fields in cosmology
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Appendix

Cosmology, WS2025/26 07 Scalar fields in cosmology
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Cosmology, WS2025/26 07 Scalar fields in cosmology
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Appendix

Cosmology, WS2025/26 07 Scalar fields in cosmology
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Dynamical Dark Energy

Cosmology, WS2025/26 08 Dynamical dark energy
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DE in the Friedmann equations

Cosmology, WS2025/26 08 Dynamical dark energy
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Other Dark Energy models

Cosmology, WS2025/26 08 Dynamical dark energy
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Appendix

Cosmology, WS2025/26 08 Dynamical dark energy

Matteo Maturi Back to Index 81



Cosmology, WS2025/26 08 Dynamical dark energy
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H: how gravitational field reacts to itself

Extra

Cosmology, WS2025/26 08 Dynamical dark energy
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Problems of the standard model

Cosmological Inflation

One idea to fix everything: cosmic inflation

Cosmology, WS2025/26 09a Cosmological inflation
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How much inflation do we need?

Which fluid provides          ?

Cosmology, WS2025/26 09a Cosmological inflation
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The simplest inflaton model

Cosmology, WS2025/26 09a Cosmological inflation
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How do we need it to behave?

Apply approximation to the eq.s of motion

Cosmology, WS2025/26 09a Cosmological inflation
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Example of potential

Time duration of inflation

Initial conditions to have sufficient inflation

Cosmology, WS2025/26 09a Cosmological inflation
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What happens to all species already present before inflation?

Cosmology, WS2025/26 09a Cosmological inflation
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How does    evolve?  Eq. of motion

Appendix

Cosmology, WS2025/26 09a Cosmological inflation
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End of inflation, reheating and particlescreation

Cosmology, WS2025/26 09b Cosmological inflation Reheating
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Cosmology, WS2025/26 09b Cosmological inflation Reheating
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Appendix

Cosmology, WS2025/26 09b Cosmological inflation Reheating
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The seeds of cosmic structure formation

Cosmology, WS2025/26 09c Inflationary Perturbation Seeds
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Predicted power spectrum

Cosmology, WS2025/26 09c Inflationary Perturbation Seeds
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Cosmology, WS2025/26 09c Inflationary Perturbation Seeds

Matteo Maturi Back to Index 99



Part III

Thermal history
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Thermal hystory of the universe

+    Reheating

Reheating

Daniel D. Baumann

Cosmology, WS2025/26 10a Thermal history Introduction
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Quantum statistics

Cosmology, WS2025/26 10b Quantum statistics
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Grand canoncal ensamble

Cosmology, WS2025/26 10b Quantum statistics
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Case: Fermions and Bosons

Cosmology, WS2025/26 10b Quantum statistics
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Ideal quantum gas
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Explicit relations of the ensamble properties

number density

energy density

pressure

entropy

non-relativistic
Maxwell-Boltzmann

Cosmology, WS2025/26 10b Quantum statistics
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From D. D. Baumann

Cosmology, WS2025/26 10b Quantum statistics
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Reactions and the Boltzmann eq.

Cosmology, WS2025/26 10c Key concepts and Boltzmann equation

Matteo Maturi Back to Index 112
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Appendix
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Early times

Cosmology, WS2025/26 10d Neutrinos decoupling
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Neutrino decoupling
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Reactions and Saha's equation

Cosmology, WS2025/26 10e Reactions in equilibrium and Saha equation
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Cosmological nucleosynthesis
Cosmology, WS2025/26 10f Cosmological Nucleosynthesis
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n

Kooke (2024)
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Kooke (2024)

Kooke (2024)

Kooke (2024)
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Recombination and photons decoupling

Cosmology, WS2025/26 10g Recombination and Photons Decoupling

Matteo Maturi Back to Index 127



Cosmology, WS2025/26 10g Recombination and Photons Decoupling

Matteo Maturi Back to Index 128



Daniel D. Baumann

Summary
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Quantum statistics

Grand canoncal ensamble

Case: Fermions and Bosons

Reactions

Freeze-out: Boltzmann eq.

Reaction in equilibrium: Saha eq.
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Recombination, Bis
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Cosmic structure formation

Cosmology, WS2025/26 11 Cosmic structure formation Newtonian
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Length scales and structure formation

Cosmology, WS2025/26 11 Cosmic structure formation Newtonian
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The density contrast and a model for gravitational collapse
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Structure formation in the linear regime
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Simple case: static universe: H=0
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The Growth Factor: D
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Velocity perturbations
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Quantifying the density fluctuaitons

Cosmology, WS2025/26 12 Linear power spectrum
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Correlation function and Power spectrum

Cosmology, WS2025/26 12 Linear power spectrum

Matteo Maturi Back to Index 144



Normalization of the power spectrum and
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CDM power spectrum
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Chabanier et al. (2019)
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Planck collaboration (2015)

Percival et al. (2007)  Anderson et al. (2012)

Planck collaboration (2015)
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Correlation function from galaxy surveys
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Zel'dovich approximation

Cosmology, WS2025/26 13 Zeldovich approximation
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Anysotropic collapse

symmetric, hessian of initial potential
=> real eigenvalues, ortogonal eigenvectors

Cosmology, WS2025/26 13 Zeldovich approximation
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M. White
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Spherical collapse and dark matter haloes
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Press-Schechter mass function

Cosmology, WS2025/26 14 Spherical collapse and dark matter haloes

Matteo Maturi Back to Index 157



Cosmology, WS2025/26 14 Spherical collapse and dark matter haloes

Matteo Maturi Back to Index 158



Cosmology, WS2025/26 14 Spherical collapse and dark matter haloes

Matteo Maturi Back to Index 159



Rubin and Ford (1970)

The first to speak about "dunkle Materie" Fritz Zwicky (1933)

Velocity dispersion measure of Coma cluster

Virial theorem

He measured 400 times more mass than just the visible one

Dark matter in galaxies

Coma cluster (credit Joachim Port)

NGC 3198 (SDSS)

Dark matter in galaxy clusters
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Clustering of galaxy clusters: Lesci et al. (2022b)

Number count of galaxy lcusters: Lesci et al. (2022a)

An example of cosmology based on galaxy clusters: AMICO-KiDS-DR3
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N-Body numerical simulations

Cosmology, WS2025/26 15 Non-linear structure formation with Numerical simulations
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Key results
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Baryons: hydrodynamical simulations

Cosmology, WS2025/26 15 Non-linear structure formation with Numerical simulations
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Other ways to solve hydro equations

Cosmology, WS2025/26 15 Non-linear structure formation with Numerical simulations
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Very realistic representation of the data

Cosmology, WS2025/26 15 Non-linear structure formation with Numerical simulations
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Semi-Analytical models

Starkenburg et al. (2013)

deLucia et al. 

Cosmology, WS2025/26 15 Non-linear structure formation with Numerical simulations
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 Fabian (2016)

Ram pressur stripping
ESO 137-001 (NASA/ESA/Hubble Heritage Team/M. Sun)

AGN feed back
Hercules A (R. Timmerman; LOFAR & Hubble Space Telescope)

Silk (2011)
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Merger trees and semi-analytic modelling

Matteo Maturi

Heidelberg University

Cosmology WS 2025/26
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Summary

Subject

• The satellites of the Milky Way - Insights from semi-analytic modelling in
a LambdaCDM cosmology
Starkenburg E., Helmi A., De Lucia G., Li Y.-S., Navarro J. F., Font A. S., Frenk

C. S., Springel V., Vera-Ciro C. A. and White S. D. M.

• The Spatial Distriburion of Galactic Satellites in the ΛCDM Cosmology
Wang J., Frenk C. S. and Cooper A. P.

Content

• The satellites: Where? Star content? Metallicity properties? Comparison
with hydrosim.

• Aquarious simulation

• Intro to semianalytocal models

• Papers semi-analytical model

• Papers results

Cosmology, WS2025/26 16 Merger-tree and semi-analitic modelling
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Aquarius simulations

resimulations substructures in substructures

- DM only simulation (cube 100h−1Mpc) (=> full LCDM context)

- Resimulation of 6 isolated Milky-like galaxies
- Different resolutions up to about 200 million particles
- One halo at 1.5 billion particles (IGNORED HERE).

Cosmology, WS2025/26 16 Merger-tree and semi-analitic modelling
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The merger tree: DM

1. Identify haloes down to 20 particles with FoF

2. Follow the mergin history of haloes ⇒ Merging tree

3. Identify the ’first’ progenitor: Mi = Ni +max(Mi1 ,Mi2 , ...,Min ),
(Ni number of self-bound particles of halo i, Mij progenitor of the halo i)

Cosmology, WS2025/26 16 Merger-tree and semi-analitic modelling
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Physics between haloes

Gravitational interactions between haloes
– Merging of haloes
– Tidal truncation, tidal stripping (merging haloes loos peces)
– Dynamical friction (merging haloes slow down and get absorbed)
– Gravitational dissolution (haloes get smaller than 20 part.)
– Physics within haloes (sub-grid)...

Here it starts the spherical-cow domain

Cosmology, WS2025/26 16 Merger-tree and semi-analitic modelling
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Semi-analytical models: a sketch

• Each halo has a mass and a position

• Accordingly attach a physical/phenomenological recipe

• Follow the story of each haloe (Milky-satellites)

Cosmology, WS2025/26 16 Merger-tree and semi-analitic modelling

Matteo Maturi Back to Index 178



Paper Semi-analytic model

• Reionization
• it reduces the content of barions in haloes (filtering mass)
• Use global reionization (15 > z > 11.5) stronger than usual
• Anyway local reionization by local sources is full at z = 10

• Cooling
• depends on haloes metallicity and temperature
• no cooling below 104K
• helps star formation

• Star formation
• cool gas in discs above a certain mass goes into stars
• star formation is proportional to that amout of gas

• Passive stellar evolution
• IMF: what is the mass distribution of stars when they form
• Stellar evolutionary tracks (Padova 1994)

• SN feedback
• Gas heating and ejection of gas
• fraction of ejected gas depends on the halo potential (∝ V−2

200 )• gas can be reaquired

Cosmology, WS2025/26 16 Merger-tree and semi-analitic modelling
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Semianalytical model

• Metals
• NO full chemical chain
• follows the star formation events
• fine only for Type-II SN

• If haloe turns into a satellite
• Ram pressure stripping of hot gas component
• Ejected gas component
• Star stripping: stars goes to central galaxy

do not affect luminosity function, because a given star remains so

• Tydal stripping → goes to central galaxy
• when particles of one haloe get < 20 particles they are fllowed by their (sub

bixel) recipe (orphans)
• important for luminosity function
• BUT: how do they follow their spatial distribution???

Cosmology, WS2025/26 16 Merger-tree and semi-analitic modelling
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A more detailed skatch
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Cosmic Microwave Background:

intro and the power spectrum

Matteo Maturi

Heidelberg University

Cosmology, WS2025/26 17a CMB intro and power spectrum
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Thompson scattering

NASA/WMAP science team

Cosmology, WS2025/26 17a CMB intro and power spectrum
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Some history:

-  Last scattering surface  => z=1100
-  Up to recombination baryons and photons  are tightly coupled => same T

=> universe is 1000 smaller
=>        “       “  1000 hotter 
=>        “       “   photons traveled for 99,997% age of the universe
=>        “       “  109 times denser

   Linear perturbations    (analytical)
   Simple physics            (adiabatic contractions)

- Strong prove for Dark Matter:

Amplitude with linear growth from a=1backword, fluctations turn out as:   

But in reality they are                            .  Why?
--   DM feels only gravity
=>         continue growth (p=0 → no oscillations)
=> the estimate does not account for this
=> structures form “more” and when we rewind we start from a               which is higher

- Important scale : R
h 
~ 1.7o   how can it be so uniform?

- <T> = 2.725K    =>   

-                                                                                      |=> It is a clean observable = Powerful!

Few simple facts

(flat)

Cosmology, WS2025/26 17a CMB intro and power spectrum
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Some history:

• 1946 Robert Dicke.  Radiation of cosmic matter, predic: T < 20K (not yet CMB)
• 1946 George Gamow.  Predict T ≈ 50K assuming H = 3 106 years ant actual temperature of IGM
• 1948 Ralph Alpher & Robert Herman.  Estimate T ≈ 5K
• 1949 Ralph Alpher & Robert Herman.  Correct to T ≈ 28K
• 1953 George Gamow.  Estimate T ≈ 7K .
• 1956 George Gamow.  Estimate T ≈ 6K .
• 1960s Robert Dicke.  Estimate T ≈ 40K name it MBR (Microwave Background Radiation)!
• 1965 Arno Penzias & Robert Woodrow Wilson. Measure T ≈ 3K as BigBang signature (CMB)!

“Fixing antennas”...

The discovery of the CMB

Cosmology, WS2025/26 17a CMB intro and power spectrum
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Flat universe!

Anisotropies!
Theta>7deg

Planck 
      spectrum

- Polarization
- Lensing
- tSZ (clusters)

+ ACT, SPT, Bisept ...

Boomerang 1998

De Bernardis+ (1998)

CMB observations

ESA

Big Bang

Last
Scattering
Surface

Us

redshift

Further away

Back in time0

Plasma

Crowe, Moss & Scott (2008)

Neutral

∞

Detection!
Hot Big-Bang

Cosmology, WS2025/26 17a CMB intro and power spectrum
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Not easy... Galactic foreground

Objects:
   - gas
   - dust
   - localized sources: 

SN remnants, star forming regions...

Process:
   - synchrotron
   - free-free
   - thermal (black body)

Cosmology, WS2025/26 17a CMB intro and power spectrum

Matteo Maturi Back to Index 189



15/01/26                                                                      Matteo Maturi 9

But possible... Components separation

Cosmology, WS2025/26 17a CMB intro and power spectrum
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We see Temperature fluctuations projected on a 2D surface (sky)

Temperature fluctuations

Spherical harmonics

Coefficients

Power spectrum

Dealing with a sphere:
Decomposition in Spherical harmonics

    is called ‘multipole’ and represents a given angular scale in the sky

Pl
m are the Legendre polynomials

Cosmology, WS2025/26 17a CMB intro and power spectrum
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How the modes look like?

Cosmology, WS2025/26 17a CMB intro and power spectrum
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Te
m

p.
 v

ar
ia

nc
e

Courtesy of Douglas Scott

Intermediate-scale 
modesLarge-scale modes Small-scale modes

l = oscillations per 180 degrees∼

Full-sky (simulated) map

Cosmology, WS2025/26 17a CMB intro and power spectrum
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Power spectrum

Compression and expansion (λ>R
H
)

  - Velocity                       > Doppler effect
  - Gravitational t. delay 
  - Gravitational redshift 

Harmonic oscillationsi (λ<R
H
)

- pressure is active
- velocity and compression

Baryon dragging

Damping suppression

Velocity and density add in 
quadrature

Hu (1995)

  > SW effect

Courtesy, V. Pettorino

Cosmology, WS2025/26 17a CMB intro and power spectrum
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the measured
TT spectrumm

Planck collaboration, 2018
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CMB temperature fluctuations

Cosmology, WS2025/26 17b CMB anisotropies
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Correlation with voids & superclusters. Benjamin+ (2008)
Maturi+ (2007)
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Main dependencies on the cosmological parameters

Cosmology, WS2025/26 17b CMB anisotropies
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Gravitational lensing

Matteo Maturi

Heidelberg University

Cosmology WS 2025/26

Cosmology, WS2025/26 18a Gravitational lensing

Matteo Maturi Back to Index 204



Introduction

The key point
• Photons travel along null geodesics

• Matter fluctuations perturb the metric

• Photons follow perturbed null geodesics

• This is gravitational lensing

Cosmology, WS2025/26 18a Gravitational lensing
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History: the beginnings

Photons as massive partiles: John Mitchell (1784)
Johann Von Soldner (1801)

⇒ α = 2GM
c2r

Equivalence principle: Einstein (1915) ⇒ α = 4GM
c2r

Experimentl proof: Dyson, Eddington and Davidson (1920) ⇒ α = 1′′, 75!

”Dear Mother, – Good news today. H.A. Lorentz has wired me that the British
expedition has actually proved the light deflection near the Sun.”
A. Einstein

A. Einstein
Einstein notes Eddington Experiment

Cosmology, WS2025/26 18a Gravitational lensing
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History: toward the modern times

Ideas about possible schenarios

“The thinker”, Rodin

- Einstein rings
- Multiple images
- Stellar microlensing
- Galaxy (nebulae) lensing
- M31 star by ML star
- Time delay

(Chowolson, 1924)

(Mandl -Einstein, 1936)
(Zwicky, 1937)
(Liebes, 1964)
(Refsdal, 1964)

The very first observations

Lensing by the Sun
QSO 0957+561

- 2 images d=6” zs=1.41 identical spectra
- galaxy lens discovery zl=0.36
- VLBI → same core-jet structure

Giant Arcs in A370 CI2244
Rings
Quasar microlensing
Weak lensing cluster
Weak lensing group of galaxies - LSS
Microlensing star - star (ML bulge)
Time delays QSO 095+561

(Dyson, Eddington, Davidson 1920)
(Walsh, Carswell, Weymann, 1979)

(Stockton, 1980)

(Lynds & Peterosian 1986])
(Hewitt et al. 1988)
(Irwin et al. 1989)
(Tyson, Valdes, Wenk 1990)
(Brainderd, Blandford, Smail 1996)
(Udalski et al. 1993)
(Kindic et al. 1997)

Cosmology, WS2025/26 18a Gravitational lensing
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Gravitational lensing and optics

4-interval
ds2 = c2dt2 − dx⃗2

ds2 =
(
1 + 2U

c2

)
c2dt2 −

(
1 − 2U

c2

)
dx⃗2 = 0

[
v2 =

dx2

dt2

]

Diffraction index n ≡ c

v
= 1 +

2

c2
|Φ| ≥ 1 ∆t =

∫ s

o

2

c3
|Φ| dz

Deflection angle ̂⃗α = −
∫

∇⃗⊥n dz=
2

c2

∫
∇⃗⊥Φ dz

The lens equation

β⃗(θ⃗) = θ⃗ − Dds

Ds
α⃗(θ) = θ⃗ − ⃗̂α(θ)

Assuming: θ, β, α≪ 1

• Thin lens approximation: lens size much smaller than distances

• It relates the lens, the source and its image positions on the sky

• Describes how a deflection field acts on a background source.

• ⃗̂α is the reduced deflection angle

Cosmology, WS2025/26 18a Gravitational lensing
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The lensing potential: deflection

• The lensing potential is defined as:

ψ(θ⃗) ≡ 2

c2
Dds

DdDs

∫
Φ(Dd θ⃗, z) dz

gravitational potential integrated along the line of sight (thin lens!)

• The reduced deflection angle α⃗ is the gradient of the lens potential

∇⃗θψ(θ⃗) =
2

c2
Dds

DdDs

∫
∇⃗θΦ dz =

Dds

Ds

2

c2

∫
∇⃗⊥Φ dz =

Dds

Ds
α⃗(θ⃗)

∇⃗θψ(θ⃗) = ⃗̂α(θ⃗)

• The convergence κ is the laplacian of the lens potential

∇2
θψ(θ⃗) =

2

c2
DdDds

Ds

∫
∇2

θΦ dz =
2

c2
DdDds

Ds
4πG

∫
∇2

θϱ dz =
2

c2
DdDds

Ds
4πGΣ(θ⃗)

∇2
θψ(θ⃗) = 2κ(θ⃗) κ(θ⃗) ≡ Σ(θ⃗)/Σcr Σcr ≡

c2

4πG

Ds

DdDds

κ quantidies the surface mass density

Here, we used the Poisson eq. ∇2Φ = 4πGϱ and defined the critical density Σcr

Cosmology, WS2025/26 18a Gravitational lensing
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Lens mapping: shear and convergence

• The lens equation can be linearized for small α

β⃗(θ⃗) = θ⃗ − Dds

Ds
α⃗(θ) = θ⃗ − ⃗̂α(θ) → β⃗(θ⃗) ∼ β⃗0 + A(θ⃗0)(θ⃗ − θ⃗0)

• The image transformation of the source is described by the Jacobian matrix of
the lens equation

A ≡ ∂β⃗

∂θ⃗
=

(
δij −

∂2ψ(θ⃗)

∂θi∂θj

)
=

(
1 − κ− γ1 −γ2

−γ2 1 − κ + γ1

)
= (1−κ)

(
1 − g1 g2
g2 1 + g1

)

• isotropic magnification (convergence) and anisotropic distortion (shear) terms

A = (1− κ)

(
1 0
0 1

)
−

(
γ1 γ2
γ2 −γ1

)

• Here, we introduced the shear γ = γ1 + iγ2 = |γ|e2iϕ

γ1 =
1

2
(ψ,11 − ψ,22) γ2 =

1

2
(ψ,12 + ψ,21)

gi =
γi

1− k
reduced shear
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Image magnification

• Magnification (defined as the ratio between solid angles)

a = r(1− κ+ γ)−1

b = r(1− κ− γ)−1

Ωl = πab = πr2/ detA
Ω0 = πr2 = π

µ =
Ωl

Ω0
=

1

detA
=

1

(1− κ)2 − γ2

• Magnification tensor:
M = A−1

Its eigenvalues measure the amplification along the tangential and radial
directions:

µt =
1

λt
=

1

1− κ− γ
µr =

1

λr
=

1

1− κ+ γ

• Strong lensing and the critical curves:
magnification diverges along the curves where λt = 0 λr = 0

Cosmology, WS2025/26 18a Gravitational lensing
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The mass sheet degeneracy

• Homogeneous mass distributions do not introduce any image distortion

• Clear invariance transformation of the lens mapping:

A → λA = λ(1− κ)

(
1− g1 g2
g2 1 + g1

)
= (1− κ′)

(
1− g1 g2
g2 1 + g1

)

• The new convergence is κ′ = 1− λ(1− κ)

• The new shear is γ′ = λγ

• The new reduced shear (what we observe) is unchanged g ′ = g

• One way to break this degeneracy is to combine shear and magnification estimates

Cosmology, WS2025/26 18a Gravitational lensing
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Looking at the sky: galaxies as background sources

Distant galaxies (z ∼ 1− 2)
Typical size r ∼ 1′′ − 10′′

Typical density n ∼ 10− 100 gal
arcmin2

Distorted ellipticity ϵ =
ϵ(s) + g

1 + g∗ϵ(s)

Hypothesis: ⟨ϵ(s)⟩ = 0 → ⟨ϵ⟩ = g

Cosmology, WS2025/26 18a Gravitational lensing

Matteo Maturi Back to Index 213



Gravitational lensing by LSS

Refregier 2003, ARA&A,41,645R

• Linear structures

• Small density contrast: δ ≡ ρ− ρb

ρb
≪ 1

• Characterized by large scales

• Fill the whole line of side: sum over all contributions

• So far we concentrated our attention on single lenses

• But the universe is filled with distributed matter

• Its distribution depends on cosmology → let’s study it!

• The effective convergence is given by the sum of lens planes

κeff(θ⃗,w) =
3H2

0Ωm

2c2

∫ w

0
dw ′ fK (w − w ′)fK (w ′)

fK (w)

δ[fK (w
′)θ⃗,w ′]

a(w ′)
.

Reminder:
fK (w): The comoving angular–diameter distance
δ ≡ (ρ− ρ̄)/ρ̄: density contrast
a(w): scale factor of the universe at distance w .

2κ(θ⃗) = ∇2
θψ(θ⃗): convergence

ψ(θ⃗) ≡ 2
c2

Dds
DdDs

∫
Φ(Dd θ⃗, z) dz and ∇2Φ = 4πGϱ : lending potential
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Cosmic shear power spectrum

• Sources are distributed in redshift: weight over the source–distance distribution
G(w),

κ̄eff(θ⃗) =

∫ wH

0
dw G(w)κeff(θ⃗,w)

• The power spectrum of the effective convergence Pκ(k) is related to the matter
power spectrum Pδ(k) by the Limber’s equation,

Pκ(k) =
9H2

0Ω
2
m

4c2

∫ wH

0
dw

W̄ 2(w)

a2(w)
Pδ

(
k

fK (w)
,w

)

the weight function W̄ (w) is given by

W̄ (w) =

∫ wH

w
dw ′ G(w ′)

fK (w
′ − w)

fK (w ′)

Cosmology, WS2025/26 18a Gravitational lensing

Matteo Maturi Back to Index 215



The aperture mass

Map(θ⃗) =

∫
d2θ′ γt(θ⃗′)Q(θ⃗ − θ⃗′)

• Q is defined to be compensated

• Info on surface mass density (K)

• Detection of clusters (candidates)

θ

θ(  )ε

θ(  )

α

t
ε
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Lens mapping

Cosmology, WS2025/26 18b Gravitational lensing extra
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Cosmic shear
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Luminosity distance

Supernovae Ia

Luminosity distance

Supernovae Ia

Cosmology, WS2025/26 19 Supernovae type-1a
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Standardizable not standard candles!

Calibrate:
● correlation between peak and width of the light 

curve
● empirical correlation

Hope:
● assume that all supernovae are the same for all z... 

(metallicity evolves with time...)

Try to control:
● absorbtion along the line of sight
● absorption within the host galaxy
● scatter due to gravitational lensing (marginal)

● introduce nuisance parameters when fitting

Cosmology, WS2025/26 19 Supernovae type-1a
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Super Novae

Union 2.1 sample

Hubble (1929) PNAS 15(3), S. 168ff.

Freedman 2001 et al. (HST Key Project)
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Understanding the “banana plots”

Cosmology, WS2025/26 19 Supernovae type-1a
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Model free expansion rate

Luminosity function
(Volterra integral of the second kind)

Solved in terms of a Neumann 
series

Cosmology, WS2025/26 19 Supernovae type-1a
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Cosmology with optical 
galaxy clusters

Matteo Maturi
Heidelberg University

Cosmology 2025/26

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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The GAME

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Cosmology, how to

Matter / metric fluctuations Distanced = geometry

Galaxy Clusters

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Bertone and Tail (2018)
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Kill the dragons…  Scalar-tensor theory: Horndeski

Horndeski (1974)

The most general scalar-tensor theory giving second order equations of motion

Propagation of tensor modes (GW):  cT = 1 for        G4 = G5 = 0

couplings

non-canonical kinetic term

canonical kinetic term

non-canonical kinetic term G3

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Why complicating gravity?

S(tensor field(s), baryons, radiation, scalar field_dm, scalar field_Λ, inflaton, interactions)

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Optical / NIR
surveys

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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1 347
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Footprint
optical

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Footprint
NIR

Euclid!!!
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Cluster samples
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Optical detections

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Optical detections

Galaxies Stars

 

vectors
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Data

Optical detections in general

Estimator

Ra, Dec, z, richness, ...

Filter: select / combine galaxiesCatalog of galaxies

ra, dec, magnitudes → Red sequence RedMaPPer, RedGold, WAZp, CAMIRA, ….
no need of photo-z
RS fades with redshift (color bias selection)

ra, dec, z → ”Wavelegth” PZWav (two Gaussians, typical angular scale)
minimal assumption on clusters
does not exploit photometry

ra, dec, mag, P(z) → Optimal matched AMICO
Clean matematics, flexible
Minimum variance
(model: radial profile, luminosity function, ….)

Stellar masses
Voronoi tassellizations
FoF

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Data

AMICO: Adaptive Matched Identifier of Clustered Objects

Estimator

Statistics measured from data
power spectrum

Mode: property of cluster members
Ra, dec, mag, color...

Noise covariance

Constrained
minimization

Bellagamba et al. 2018
Maturi et al. 2019
Euclid: Adam et al. 2019 
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AMICO

1)  Decide what you are searching for: cluster model and background as a function of z (the filter)

2)  Make amplitude 3D map with its uncertainty and likelihood

3)  Select the most-likely detection among pixels with S/N above threshold

4)  Attribute membership probability to galaxies

5)  Cleaning map from detection by removing contribution of member galaxies R
e
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AMICO

1)  Decide what you are searching for: cluster model and background as a function of z (the filter)

2)  Make amplitude 3D map with its uncertainty and likelihood

3)  Select the most-likely detection among pixels with S/N above threshold

4)  Attribute membership probability to galaxies

5)  Cleaning map from detection by removing contribution of member galaxies R
e
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N

m
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Cosmology, WS2025/26 20 Galaxy clusters cosmology

Matteo Maturi Back to Index 240



  

You get the clusters

You get the members

Maturi et al. 2019
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You get a redshift estimate

e.g. AMICO-KiDS-1000  v.s.   DESI + GAMA + KiDZ

Calibration with spec-z is best

Maturi et al. 2025

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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eRASS1 and ACT

Maturi et al. (2025)

You get a mass proxy: richness

Careful, several definitions!
 

e.g. AMICO-KiDS-1000  v.s.   eRASS1
 

In reality Masses are form Lensing (optical) and Spectroscopy

KiDS-1000 Maturi et al. 2025
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• DESI-DR1 GAMA-DR4 spec-z

• TNG300-1 and TNG-Cluster

• Good agreement with the values 
from TNG simulations

Optical/NIR Spectroscopy gives you masses as well

Radovich in prep.

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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• Scatter of the BCG stellar 
velocity dispersion 
increases with z
suggesting an increased 
dynamical complexity of 
clusters at higher z
(see also Sohn+2022, 2024)

...and link to BCGs

Radovich in prep.
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Cosmological 
analysis
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Cosmological measure: counts

D
a
2 dD

p
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- We look for large samples: large volumes, small masses, high z

- But what you want in the end is:

Cosmology with galaxy clusters

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Angrick et al. (2015)

X-ray data: Vikhlinin et al. (2009)

Cosmology with galaxy clusters

 

- We look for large samples: large volumes, small masses, high z

- But what you want in the end is:

You want
large samples

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Angrick et al. (2015)

X-ray data: Vikhlinin et al. (2009)

Cosmology with galaxy clusters

You want
the sample selection and purity

 

- We look for large samples: large volumes, small masses, high z

- But what you want in the end is:

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Sample statistical properties

Selection function: how many cluster do we miss? P (z_true, rich_true)
Sample purity: how many detections are fake? F (z_obs, rich_obs)

1) Validation with external data sets: X-ray, SZ, Spec-z
● sorted-2D Matching. Not trivial with high density of clusters
● Limited by sample selection of external sample

2) Numerical simulations
● Ground truth to compare with
● Cluster members in simlations are difficult

3) Injection in data
● Recipe for Member galaxies 
● Plug at random in data

4) Data Driven approach
● Minimal assumptions
● exploiting the probabilistic memberships for mock construction

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Mocks (data driven) + cluster finder

An example: one of the KiDS tiles

Real                      Mock

Maturi et al. 2019
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Sample purity

Sample completeness

Maturi et al. 2025
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Cosmological measure: a sketch…

Mass!!!

The mass is not an observable!

What we have is richness

Weak lensing measures (optical)

Cosmology – Scaling relation simultaneous fit

Mass-observable scaling relation:  M=m(rich,z)

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Cosmological measure: joint modeling, counts_weak lensing

Lesci et al. 2025

Tinker et al. (2008)

Costanzi et al. (2019)

Cosmology, WS2025/26 20 Galaxy clusters cosmology
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Optical surveys are multi probes

DES Year 3 [Abbot et al. (2025)]
● ~5,000 deg2

● 16,000 redMaPPer clusters  z [0.2,0.7]∈
● Neff = 5.59 gal/arcmin2    σe = 0.261
● Blinding on posterior
● CL+GC: Clusters counts, clustering, lensing

Galaxy clustering
Cross clustering clusters-galaxies

S8   = 0.864 ± 0.035
Ωm  = 0.265+0.019

−0.031

KiDS-1000 [Lesci et al. (2025)]
● 839 deg2

● 8000 AMICO clusters z [0.1,0.8]∈
● Counts + WL

Ωm = 0.218+0.024
−0.021

σ8 = 0.86+0.03
−0.03

S8 = 0.74+0.03
−0.03

KiDS-DR3 [Lesci et al. (2022)]
● ~300 deg2

● 3652 AMICO clusters  z [0.1,0.6]∈
● Counts + WL

Ωm = 0.24+0.03
−0.04

σ8  = 0.86+0.07
−0.07

S8  = 0.78+0.04
−0.04

Abbot et al. (2025)

KiDS-1000
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A comparison between surveys

Lesci et al. (2025)
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What next?

Or what now...
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A nearly spectroscopic survey

OAJ
Observatorio Astrofísico de Javalambre

- Pico  delBuitre of the Sierra de
  Javalambre, Teruel, Spain (1957m)

- JST/T250 Telescope: 2.5m

- JPCam: 7 square degrees

- 56 narrow bands + u, g, r (22.75), i

- area: 8000 deg2 

- σ
z

 0.003 (1+z)∼

- Seeing (V band):
  median 0.71” mode of 0.58”
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Maturi et al. (2023)
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Euclid
Wide field: 15.000 deg2

   - 12 billions sources (1.5 billion for lensing)
   - 35 million spectroscopic redshifts of galaxies
   - We expect 2 106 clusters (Sartoris et al. 2016)

Deep field: 40 deg2     (2 mag deeper)
   - 10 million sources (1.5 million for lensing)
   - 150 000 spectroscopic redshifts of galaxies
   - Fornaz 12.1deg2 (Pierre, XMM 40ks)

Scaramella et al. 2021
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  EC: Bhargava et al. 2025

Euclid Q1 cluster

This is already the past...
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Intracluster light

Kluge et al. (2024)

(ERO, Perseus) ERO, Abel 2390
Ellien et al. (2025)
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Strong lensing on an industrial scale

Q1, Bazzanini et al (2025)
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COSMOS-Web
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COSMOS-Web galaxy groups:
Evolution of red sequence and quiescent galaxy fraction

Toni et al. et al (2025b)

The COSMOS-Web deep galaxy group catalog up to z = 3.7 
Toni et al. et al (2025a)

Cosmology, WS2025/26 20 Galaxy clusters cosmology

Matteo Maturi Back to Index 267



  

Clusters are a “multi-probe”  probe

Cluster counts 

Clustering of galaxy clusters

Cluster structural properties

Standard ruler…

Strong lensing time delays (e.g. Refstad SN)
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Statistics: basics
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